Classifications ( Abstract. We describe explicitly the Auslander-Reiten translation in the category of bounded complexes of finitely generated maximal Cohen-Macaulay modules, C b (CMR), over a commutative local Cohen-Macaulay ring R with a canonical module ω. Then the Auslander-Reiten formula is generalized for complexes in C b (CMR) and we prove the existence theorem of Auslander-Reiten sequences. As an application of our results, we investigate the existence of Auslander-Reiten triangles in the category of perfect complexes as a full triangulated subcategory of D b (modR).
Abstract. We describe explicitly the Auslander-Reiten translation in the category of bounded complexes of finitely generated maximal Cohen-Macaulay modules, C b (CMR), over a commutative local Cohen-Macaulay ring R with a canonical module ω. Then the Auslander-Reiten formula is generalized for complexes in C b (CMR) and we prove the existence theorem of Auslander-Reiten sequences. As an application of our results, Γ-modules is equivalent to the category of complexes of maximal Cohen-Macaulay Rmodules of fixed size n, C n (CMR). Therefore, Proposition 1.3 of [3] implies that the Auslander-Reiten formula and so Auslander-Reiten theory should be carry over the category of complexes of maximal Cohen-Macaulay R-modules of fixed size n. But the problem is that, this approach dose not give any representation of Auslander-Reiten translation in the category C n (CMR). In case n = 2, we recall a recent result of Ringel and Schmidmeier [13] . Let Λ be an artin algebra. Then C 2 (modΛ) is, in fact, the morphism category of finitely generated Λ-modules. Assume that S, resp. F, is the full subcategory of the homomorphism category formed by all monomorphisms, resp. all epimorphisms. For any morphism f : M → N of S and morphism g : M → N of F, they proved that τ S (f ) and τ F (g) can be represented by τ Λ (M ) and τ Λ (N ), that is τ S (f ) = Mimoτ Λ (Cokerf ) and τ For the definition of Mimo and Mepi, see [13] .
Furthermore, there are many attempts to introduce the Auslander-Reiten translation, and hence establish the Auslander-Reiten formula, in the category of complexes as well as in the category of representations of quivers; see [5, 6, 9, 10, 17] .
To explain our results, let us fix some notations. For an R-module M , we consider the "Hom" functor Hom R (−, M ) : C(ModR) → C(ModR) where, for a complex X, the i-th degree of Hom R (X, M ) is Hom R (X −i , M ) and the i-th differential is Hom R (∂ −(i+1) , M ). We denote the functor Hom R (−, ω), resp. Hom R (−, R), by (−) ′ , resp. (−) * .
Let X be a complex in C b (CMR) with a minimal projective presentation F 1 ϕ −→ F 0 −→ X −→ 0. We define the Auslander transpose, TrX, of X by TrX = Σ −1 Coker(ϕ * : F * 0 −→ F * 1 ), where Σ −1 is the shifting functor to the right. We set τ C , the Auslander-Reiten translation in C b (CMR), to be (syz d Tr(−)) ′ , where d denotes the Krull dimension of R. Now, by using this identification, we study Auslander-Reiten theory in the category C b (CMR). Our approach is based on the original proof due to Auslander and Reiten [3] in the category of maximal Cohen-Macaulay R-modules over Cohen-Macaulay algebras. To this end, we show that for every X ∈ C b (modR), the functor
admits a left adjoint which we denote it by − C X. We use this functor as a main tool to prove the Auslander-Reiten formula in the category of complexes of maximal Cohen-Macaulay modules.
As an application of our result, in case R is Gorenstein, we consider the bounded derived category of complexes of finitely generated R-modules, D b (modR). Then we study the existence of Auslander-Reiten triangles in the category of perfect complexes as a full triangulated subcategory of D b (modR). In fact, we can prove that any perfect complex X with local endomorphism ring such that Supp R Hom D b (modR) (X, X) = {m}, admits Auslander-Reiten triangles in D b (modR). Note that, in case R is regular, D b (modR) coincides with the category of perfect complexes. So this result can be viewed as a version of Happel's theorem [7, Theorem I. 4.6] for regular rings. From now on, we will write "Hom C (−, −)" for Hom C(ModR) (−, −).
On the existence of projective cover for complexes
It is known that when R is a local ring, every finitely generated R-module M admits a projective cover. Our aim in this section is to generalize this fact to complexes, not necessarily bounded, of finitely generated R-modules.
Let A be an additive category. C(A), resp. C b (A) denotes the category of all complexes, resp. all bounded complexes, in A; the objects are complexes and morphisms are genuine chain maps. We write complexes cohomologically, so every complex in C(A) is of the form
It is known that in case A is an additive, resp. abelian, category then so is C(A). In fact, when A is an abelian category, a sequence 0
The bounded homotopy category and bounded derived category of complexes over A is denoted by K b (A) and D b (A), respectively.
Given an R-module M and an integer i, we consider the complex e i (M ) where the j-th degree of e i (M ) is M whenever j = i and j = i + 1 and the j-th differential is the identity map and the other components of e i (M ) are zero. It is not difficult to see that the complex e i (P ) is a projective complex where P is a projective R-module. Also, it is known that a complex X of R-modules is projective if and only if X ∼ = i∈Z e i (P i ), for some projective R-module, P i .
In a dual manner, one can see that a complex X is injective if and only if it is isomorphic to a direct product of copies of e i (I i ) with injective R-module I i .
2.1.
Let F be a class of objects of C(modR), a morphism Φ : F −→ X is called an F-precover if F ∈ F and Hom C (−, F) −→ Hom C (−, X) is surjective on F. If, moreover, any f : F −→ F such that Φ = Φf is an automorphism of F, then Φ : F −→ X is called an F-cover of X.
Let F be a class of objects of modR. It can be easily checked that when every R-module has a F-precover then every complex has a C(F)-precover. Proposition 2.2. Let X = (X i , ∂ i ) be a complex in C(modR). Then it admits a projective cover in C(modR).
Proof. First note that since R is a local ring, every finitely generated R-module admits a projective cover. Let P i s i −→ Coker∂ i−1 be a projective cover of Coker∂ i−1 . There is a morphism δ i : P i−1 ⊕ P i −→ X i making the following diagram commutative.
Hence we obtain the following projective precover of X P : By chasing diagram, we show that P η −→ X is, in fact, a projective cover of X. To do this, consider a chain map ϕ : P −→ P with the property that δϕ = δ.
, and e i : P i−1 −→ P i . The construction of P follows that e i = 0 and u i+1 = η i for all i. This relations imply that ϕ is an isomorphism if and only if η i is an isomorphism for all i. Now, consider the following commutative diagram
Since P i −→ Coker∂ i−1 is a projective cover, η i is an isomorphism. Hence the proof is complete.
By applying the above proposition several times, we get the following corollary.
Corollary 2.3. For any complex in C(modR), we have a minimal projective presentation
where F i is a projective complex in C(modR) for all i.
A left adjoint functor
This section is devoted to prove that the functor Hom R (−, X) : modR −→ C b (modR) has a left adjoint functor − C X. Also, we show that this adjoint functor has all expected attributes as a tensor product functor.
We denote by ModR the category of all R-modules. For any complex X, we define the functor Hom R (X, −) : ModR −→ C(ModR), which takes the R-module M to the complex Hom R (X, M ). By using the elementary properties of the usual Hom R functor, we see that this functor is left exact and preserves inverse limits.
In the following, we want to construct a left adjoint of Hom R (X, −). To give a construction, it is helpful to consider an auxiliary ring S which is introduced by Neeman [12, Section 2], where it is the R-algebra of the quiver
with the relation ∂ i+1 ∂ i = 0. That is, we let S be a free R-module with basis {1, e i , ∂ j } with i, j ≥ 0. If X ∈ C(ModR), then it is obvious that inc(X) = i∈Z X i is, in a natural way, a left S-module. Let S-Mod denote the category of left S-modules. Then there is a fully faithful functor
This functor has a right adjoint which takes the left S-module M to the complex
Let X be a complex in C b (ModR). It is not difficult to check that the functor Hom R (X, −) is the same as the composition of functors
ModR
Hence, adjoint pairs (inc, C) and (− R inc(X), Hom R (inc(X), −)) imply that Hom R (X, −) admits a left adjoint. We denote this left adjoint by − C X. So for every R-module M and a complex Y ∈ C b (ModR), we have an isomorphism
) of abelian groups which is natural in both variables M and Y.
For any X ∈ C b (ModR), the functor − C X is right exact, because of being the left part of an adjoint pair. Now since − C X is right exact and C b (ModR) has enough projective objects, we can construct the left derived functor which is denoted by Tor C i (−, X). More precisely, let X and Y be bounded complexes of R-modules. We define Tor
, where P X is a projective resolution of X. Remark 3.1. Observe that, by the above construction, if X is a complex belongs to C b (modR), then one can easily deduce that Hom R (X, −) : modR −→ C b (modR) and
and f : Y −→ Z be a chain map. Given an arbitrary Rmodule M and applying the functor Hom C (X, Hom R (−, M )) on f , one gets the following commutative diagram
So we have a morphism
This shows that one can define a functor X C −, which X is located on the left hand side.
Proof. Let M be an R-module and ϕ ∈ Hom C (X, Hom R (Y, M )). So we have the following commutative diagram
For each i, there is a homomorphism of R-modules which takes ϕ −i to an R-module homomorphism ψ i :
such that for any x ∈ X −i and y ∈ Y i , ψ i (y)(x) = ϕ −i (x)(y). By using the Hom − ⊗ R adjointness isomorphism in the category of R-modules one can deduce that θ i is an isomorphism for all i. Moreover, it is easy to check that the following diagram is commutative
, and this isomorphism is natural in both variables. Now the Hom − C adjointness isomorphism and Yoneda lemma imply that there is an R-module isomorphism X C Y ∼ = Y C X, which is natural in both variables.
The above proposition means that every statement which is proved for − C X is also valid for X C − and vice versa. So we have the following corollary.
Remark 3.5. It can be easily check that, for any bounded projective complex P, P C − is an exact functor. Indeed, the induced complex Hom R (P, E(R)) is injective and so for any exact sequence 0 −→ Y −→ Z −→ W −→ 0 of complexes, the following sequence is exact
By the adjointness isomorphism, we have an exact sequence 0
Recall that a complex X of R-modules is flat if and only if it is exact and, for all i ∈ Z, X i and also Ker(X i −→ X i+1 ) are flat R-modules, see [14, Theorem 4.1.3] . Proposition 3.6. Let F be a complex in C b (ModR). Then F is a flat complex if and only if − C F is an exact functor.
Proof. It is known that an R-module F is flat if and only if Hom R (F, E(R)) is injective. By using this fact and definition of flat complex one can see that a complex F is flat if and only if the induced complex Hom R (F, E(R)) is injective. Now the proof follows from the adjointness isomorphism.
As a direct consequence of the above proposition we have. For any complex X ∈ C b (ModR) we set X p to be a complex over R p whose i-th degree is X i p and i-th differential is (N p , M ) . This fact and the adjointness isomorphism guarantee the existence of the following isomorphisms, for any R p -module M ,
Now Yoneda lemma completes the proof.
Lemma 3.9. Let R be a commutative local ring and X, Y ∈ C b (modR). Then we have natural morphisms
Moreover, when X is a projective complex, ψ X,Y and φ X,Y are isomorphism.
Proof. We prove the statement just for ψ X,Y , the result for φ X,Y follows similarly. First assume that X is a projective complex. So X has a decomposition X ∼ = i∈I e i (P i ), where P i is a finitely generated projective R-module for each i and I is a finite set. According to the adjointness isomorphism and the fact that every projective R-module is free, for any R-module M , there are the following natural isomorphisms
By Yoneda lemma one can deduce that Σ −1 X * C Y ∼ = Hom C (X, Y), which is natural in both variable. Now, assume that X ∈ C b (modR). In view of Corollary 2.3, there exists a minimal projective presentation F 1 −→ F 0 −→ X −→ 0 where F 1 and F 0 are bounded projective complexes in C b (modR). So we have
Applying − C Y on the above exact sequence to obtain a complex
whose bottom row is exact. Consequently, there is a homomorphism 
The Auslander-Reiten formula for complexes
In this section, we specify the Auslander-Reiten translation in the category of complexes and present the Auslander-Reiten formula for bounded complexes. Then we try to establish the existence of Auslander-Reiten sequences in the category C b (CMR). Methods which will be used in this section are based on the corresponding ones in the module case due to Auslander [2] .
From now on we assume that (R, m) is a commutative Cohen-Macaulay local ring with Krull dimension d and we always assume that R has a canonical module ω.
Let X, Y ∈ C(modR) be two complexes. We denote by P(X, Y) the set of chain maps from X to Y which pass through a projective complex. Note that P(X, Y) is an R-submodule of Hom C (X, Y). We set
We also write End C (X) for Hom C (X, X).
The argument in the module case carry over verbatim to yield the following facts.
(i) Let X be a complex in C(modR). Then TrX has no non-zero projective direct summands. (ii) There is a natural isomorphism Tr(TrX) ∼ = X for every complex X ∈ C(modR) which has no nonzero projective direct summands. (iii) There is a group isomorphism Hom C (X, Y) ∼ = Hom C (TrY, TrX) for every complex in C(modR).
−→ F 0 −→ X −→ 0 be a minimal projective presentation of X. We write syz n (X) for the kernel of ∂ n . Now by using [16, proposition 1.4], we have the following proposition.
Proposition 4.1. For any complex X ∈ C(modR) and any integer n which is not less than d, syz n (X) is either a complex of maximal Cohen-Macaulay modules or a zero complex.
Lemma 4.2. Let X and Y be complexes in C b (modR). Then
. Furthermore, this isomorphism is natural in both X and Y, and is even an isomorphism of End C (X)-modules.
Proof. First let us explain the action of End C (X) on Tor C 1 (TrX, Y). Let f be an element of End C (X). Then f induces an endomorphism on TrX which we denote it by f . Using the fact that Tor C 1 (F, ) and Tor C 1 (g, ) will be vanished whenever F is a projective complex and g = 0 in End C (X), one can deduce that Tor 
. Moreover, by 3.9, we have a commutative diagram
Therefore, an easy diagram chasing argument, implies that Tor 
This shows that the sequence
is exact and so Cokerψ X,Y ∼ = Hom C (X, Y), the proof is now complete.
Remark 4.3.
Observe that the dual functor (−) ′ = Hom R (−, ω) induces a duality on the category of finitely generated maximal Cohen-Macaulay R-modules. This duality can be extended to a duality (−) ′ : C(CMR) −→ C(CMR). In fact, the canonical morphism δ : X −→ Hom R (Hom R (X, ω), ω) is an isomorphism and moreover is natural in X. This isomorphism induces an isomorphism between Ext
4.4.
We say that a complex X ∈ C(ModR) is locally projective on the punctured spectrum of R if X p is a projective complex in the category C(ModR p ) for any prime ideal p distinct from m.
The proof of the following lemma is the same as the proof of [11, Lemma 12 .15] and we include the proof just for the convenience of the reader. 
for every i, j ≥ 0. Since Y is a locally projective complex on the punctured spectrum of R, Lemma 3.8 follows that Tor C i (TrX, Y) has finite length, so Hom R (Tor
Theorem 4.6. Let X ∈ C b (modR) and Y ∈ C b (CMR) with Y locally projective on the punctured spectrum of R. Then there is a natural End C (X)-module isomorphism
Proof. By Lemma 4.2, Hom C (X, Y) ∼ = Tor C 1 (TrX, Y). Therefor Lemma 4.5 follows the existence of the following isomorphisms
Since, by Proposition 4.1, syz d (TrX) and
4.1. The existence of Auslander-Reiten sequences. In this subsection we investigate the existence of an Auslander-Reiten sequence ending in X for any non-projective complex X ∈ C b (CMR) with local endomorphism ring.
Recall that a morphism f : X −→ Y is called a section if there exists a morphism (i) Let X ∈ C b (CMR) which is a non-projective complex. Assume that End(X) is local and X is a locally projective complex on the punctured spectrum of R. Then there exists an Auslander-
(ii) Let X ∈ C b (CMR) which is a non-injective complex in C(CMR). Assume that End(X) is local and X ′ is a locally projective complex on the punctured spectrum of R. Then there exists an Auslander-Reiten sequence 0
Proof. (i) First observe that End C (X) is a local ring. Thus Hom R (End C (X), E(k)) has a one-dimensional socle. By Theorem 4.6, Hom R (Hom C (X, X),
This sequence is not split and assume that τ C X has a local endomorphism ring, which will be proved in Proposition 4.1.5. Thus, it is sufficient to show that g is right almost split. Let υ : Z −→ X be a chain map in C(CMR) which is not a split epimorphism. The pullback along υ induces a homomorphism υ * : Ext
. If υ does not factor through g, then υ * (η) = 0 and so υ * must be monomorphism. In view of Theorem 4.6, it is equivalent to Hom C (X, υ) : Hom C (X, Z) −→ End C (X) being an epimorphism. Thus by the definition of Hom C , Hom C (X, υ) : Hom C (X, Z) −→ End C (X) is epimorphism. It follows that υ is a split epimorphism, which would be a contradiction. So υ factors through g and hence g is right almost split.
(ii) As we mentioned before the functor (−) ′ : C(CMR) −→ C(CMR) is a duality of categories. Therefore, the existence of an Auslander-Reiten sequence starting from Y for any complex Y of maximal Cohen-Macaulay R-modules with local endomorphism ring which is a non-injective complex in C(CMR) is equivalent to the existence of an Auslander-Reiten sequence ending in X for any non-projective complex X of maximal Cohen-Macaulay R-modules with local endomorphism ring. This fact and part (i) imply the result. 
which by [16, 3.6] , the bottom row is exact, this implies that Ext 1 C (TrX, e j (R)) = 0. Proposition 4.1.5. Let X ∈ C(CMR) which is locally projective on the punctured spectrum of R and has no non-zero projective direct summands. Then End C (X) is local if and only if End C (τ C X) is local.
Proof. Suppose that End C (X) is a local ring. Then End C (X) is local and so End C (TrX) is a local ring. Consider a short exact sequence
such that F is a projective complex. Since, by Lemma 4.1.4, Ext 
is a local ring. The proof of the converse implication is analogous.
Auslander-Reiten triangles for perfect complexes
The notion of Auslander-Reiten theory for triangulated categories was first established by Happel [7] . He introduced Auslander-Reiten triangles and characterize their existence in the bounded derived category D b (modΛ) whenever Λ is a finite dimensional algebra. Moreover, a known result of Happel states that if Λ is a finite dimensional algebra of finite global dimension, then D b (modΛ) admits Auslander-Reiten triangles [7, Theorem I. 4.6] . In this section, we plan to give a version of this result for commutative regular local rings under certain condition on the complexes involved. Moreover, we prove the existence of Auslander-Reiten triangles for perfect complexes in the bounded derived category of finitely generated R-modules.
Recall that a complex in the bounded derived category of finitely generated Rmodules, D b (modR), is called perfect if it is isomorphic to a bounded complex of finitely generated projective modules; these complexes form a full triangulated subcategory of D b (modR), which we denote it by perf(R).
in a triangulated category T is called an AuslanderReiten triangle, if f is left almost split and g is right almost split, for more details see [7] .
5.1. The concept of homotopically minimal complex has been introduced and studied by Krause [8] . We recall that a complex X is called homotopically minimal if ϕ ∈ Hom C(modR) (X, X) is an isomorphism provided that ϕ is an isomorphism in K(modR). Let prjR, resp. injR, denote the category of all finitely generated projective, resp. injective, R-modules. By [8, Appendix B] , every complex in C(prjR) or C(injR) has a decomposition X = X 1 X 2 , such that X 1 is homotopically minimal which is unique up to isomorphism and X 2 is null homotopic.
Proposition 5.2. Let X ∈ C b (prjR) be a homotopically minimal complex with local
Proof. Since X is a complex of projective modules, the exact sequence 0
, g is a right almost split in K(CMR). Now, the statement follows from [7, 4.5] .
Remark 5.3. Let P be a complex in K b (prjR) such that Supp R Hom K(prjR) (P, P) = {m}. Then (Hom K(prjR) (P, P)) p = 0 for any prime ideal p distinct from m. Hence by using isomorphisms
we have that Hom K(prjRp) (P p , P p ) = 0 for any prime ideal p distinct from m. In other words, P p is zero in K(prjR p ) for any prime ideal p distinct from m, that is, P is a locally projective complex on the punctured spectrum of R.
Proposition 5.4.
(i) For any complex X in K b (prjR) with local endomorphism ring such that Supp R Hom K(modR) (X, X) = {m},
we have an Auslander-Reiten triangle
(ii) For any complex X in K b (addω) with local endomorphism ring such that With the above proposition and the triangulated equivalence K b (prjR) ∼ = perf(R), we are in a position to state and prove our main result in this section. We would like to thank the referee for her/his useful comments and hints. All referee's comments are done. Also all changes are highlighted in yellow.
